THEOREM A. The measure /x is equivalent to a Baire measure jl.
by S. SWIERCZKOWSKI (Received 19 November, 1959) 1. Introduction. We call two measures equivalent if each is absolutely continuous with respect to the other (cf. [1] ). Let G be a locally compact topological group and let p be a nonnegative Baire measure on 0 (i.e. /x is denned on all Baire sets, finite on compact sets and positive on open sets). We say that ^ is stable if p(E) =0 implies p(tE) =0 for each teO. A. M. Macbeath made the conjecture that every stable non-trivial Baire measure is equivalent to the Haar measure. In this paper we prove the following slightly stronger result: It is obvious that not every stable measure on Baire sets is equivalent to the Haar measure; a counter-example is provided by an invariant Hausdorff measure in Euclidean space which is of lower dimension than the space itself.
Theorems B, C and Lemma 1 are due to A. M. Macbeath. He suggested to me the idea of constructing a Haar measure by means of a " Jacobian function ". We have used a similar method of proof in [2] .
We assume now that p is a stable non-trivial measure on Baire sets such that JX{U) <oo for some open set U. Let us observe that fi{V) > 0 for every open set V. For, if/x(F) = 0, then p{tV) = 0 and, since every compact set C can be covered by a finite union of sets tV, we have /* (C) = 0 and the measure vanishes contrary to definition. Replacing, if necessary, V by an open bounded subset, we may assume in the sequel that U itself is bounded.
If X is a topological space, we denote by B (X) the class of all extended real-valued Baire functions/(a;) defined on X (extended real numbers include + oo and -oo) and by B + (X) the subclass of non-negative functions. We denote by N a complete system of bounded neighbourhoods of the unity e of O. x E will t> e u s e ( i t o denote the characteristic function of the set E (i.e. x E vanishes outside E and is equal to 1 on E).
We have to show that if E is a Baire set such that fj.(E) = 0, then E has Haar measure zero, and conversely. Since each Baire set E is contained in a a-compactf open subgroup O 0 of G (cf. [1] , § 5, Theorem D, p. 24) and the Haar measure on G serves also as a Haar measure on G o> and since moreover p is stable on G o , we may assume in the following that G itself is <7-compact.
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On the other hand, by assumption, we have that C ntU ^ 0 for infinitely many t e T. Hence there is a t 0 e T -T* such that C nt 0 U ^ 0. We observe that t 0 U a GU~XU and hence the family {tU}, t e T -{*"}, covers G-CU'W.
It covers also CU'W because T* c T -{t 0 }. This contradicts the minimal nature of T.
Since G is cr-compact, T is countable. We define
Since, for fixed t, fx (t~xE n U) is a Baire measure on the set E, we see that p is a Baire measure on (?. Since E is covered by the family {tU}, t e T, we have that JX{E) = 0 is equivalent to fi(E ntU) = 0 for each teT.
This last condition is equivalent to p.{E) = 0, by the stability of fx. Thus fx and p. are equivalent. It is obvious that if E is compact, then H (t^E n U) > 0 holds only for a finite number of t e T and thus p. (E) is finite. This completes the proof of the theorem.
By Theorem A, it is enough to prove our main result for p. instead of for p. Equivalently, we shall assume that ^ is a Baire measure. 
DEFINITION. For given t e G, a function J t (x) e B + (G) is called a p-Jacobian if, for every
feB + (G), = Jf{x)J t (x)dp{x)(1)
THEOREM B. There exists, for every t, an everywhere positive /x-Jacobian J t {x). Proof. For a fixed t, define the measure \x t on G by fx t (E) = fx(tE). Since fx is stable, ix (E) = 0 is equivalent to fx t (E)
We have r r (X)dp{t)
Applying (1) to the last integral, we have, by Theorem B, for each x,
..(4)
So we have (2), by (3) and (4). Now, by (2), there is a t e G such that ^(tE- 
In particular, if M = D x E, we have (5), by (6) and (7). This completes our proof. We shall use the phrase " for almost all " if the measure concerned is one of the equivalent measures fi, fij). It will be convenient to denote a //.£>-Jacobian J t {x) by Jj) (t, x) . Given a function/(a;) and a set C c G, we shall say t h a t / i s bounded away from zero and infinity on C if there are finite positive constants c x and c 2 such that c 2 < f(x) < c 2 holds for all x e C. 
MEASURES EQUIVALENT TO THE HAAE MEASURE
